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Abstract:  
 
The problem is to find the optimum dimensions of a cantilever column loaded by compression 
and bending. The column is constructed as circular or conical unstiffened shell. In both cases 
the cost minimum is not limited by a fabrication constraint, by which the minimum shell 
radius would be prescribed. The cost comparison of both structural versions shows the most 
economic one. 
 
Keywords: minimum cost design, conical shell, economy of welded structures 
1.  Introduction 
 
      Columns or towers are used in many engineering structures, e.g. in buildings, wind turbine 
towers, piers of motorways, etc. They can be constructed as rectangular boxes or shells. Walls 
of boxes can be designed from stiffened plates or cellular plates. Shells can be unstiffened or 
stiffened circular or conical. A ring-stiffened conical shell is treated for external pressure in 
the case of equidistant stiffening (Farkas and Jármai 2008a) and with non-equidistant 
stiffening (2008b). 
 
Previous studies have shown that, when the constraint on horizontal displacement of the 
column top is not active, the unstiffened circular shell can be cheaper than that of stringer 
stiffened one. In the present study the unstiffened circular shell is compared to the slightly 
conical one to show the economy of conical shells over the circular ones. 
 
In previous studies the fabrication has been realized by using 3 m long plate elements to 
form unstiffened shell elements. In the present study 1.5 m wide plate elements are used. 
Therefore, the shell thicknesses can be varied in more shell parts. With equidistant shell 
elements of the same thickness the fabrication can be realized more easily. 
 
The optimal thickness for each shell element is calculated from the shell buckling 
constraint according to the Det Norske Veritas (2002) design rules. 
 
In the previous studies the fabrication sequence is designed so that the circumferential 
welds have been realized for the completely assembled shell. In order to ease the welding 
inside the shell the fabrication is changed and it is supposed that these welds are welded 
successively. Thus the next 1.5 m wide shell part is welded to the previous longer structure 
and so the number of assembled parts is always 2. 
 
Firstly, the conical shell is optimized by using different radii with a constant inclination 
angle. Secondly, this angle is changed to show its effect. Thirdly, the optimal circular shell 
radius is sought to minimize the cost. 
 
 
 
2.  Constraint on conical shell buckling 
 
      According to the DNV rules (2002) the buckling of conical shells is treated like buckling 
of an equivalent circular cylindrical shell.  
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Fig. 1  Conical shell cantilever column loaded by axial compression and bending 
The thickness, the average radius and the length of the ith equivalent shell part are 
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The inclination angle is defined by 
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The sum of the axial and bending stresses should be smaller than the critical buckling stress 
42
1
0
1
2
2
i
y
cri
eii
i
j
i
jF
eii
F
biai
f
tR
L
LH
tR
N

















         (3) 
 
where the reduced slenderness 
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The elastic buckling stress for the axial compression is  
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The elastic buckling stress for bending is  
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Note that the residual welding distortion factor 1.5 50 1   when t > 9 mm. The detailed 
derivation of it is treated in (Farkas and Jármai 2003). 
 
3.  The cost function 
 
      The cost function contains the cost of material, forming of plate parts to conical or circular 
shell elements, welding and painting and is formulated according to the fabrication sequence. 
 
The material cost is given by 
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The cost of forming of plate parts into conical or circular shell elements 
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The coefficient for the complexity of assembly is  .3  The specific fabrication cost factor 
is taken as kF = 1.0$/min. 
 
For a shell element 3 axial butt welds are needed (GMAW-C –Gas Metal Arc Welding 
with CO2) 
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The number of assembled elements is  .3  
 
Cost of welding of circumferential welds between shell elements. The welding is 
performed successively, so one weld is connecting only two parts in each fabrication step. 
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Cost of painting 
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The total cost 
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4.  Numerical data and results 
 
      L0 = 15 m, this height is divided in 10 shell parts, each length of Li = 1500 mm. This 
uniform length is selected for easy fabrication. NF = 3400 kN, HF = 0.1NF,  fy = 355 MPa, E = 
2.1x105 MPa. 
 
The calculation is performed by using a MathCAD algorithm. Results are given in Tables 
1, 2 and 3. 
 
Table 1 Cost parts ($) of conical shells of inclination angle 2.860 for different radii (mm) 
 
R0 Rmax KM KF0 KW0 KW KP K 
750 1500 26300 19895 9702 14750 6107 76754 
850 1600 25660 19360 8300 13753 6650 73723 
1050 1800 24750 18492 6536 12300 7736 69814 
1250 2000 24790 17974 5664 11796 8822 69046 
1450 2200 25320 17709 5191 11640 9907 69767 
1650 2400 26090 17565 4881 11754 10990 71280 
 
In Table 1 the minimum material cost (volume) and total cost are marked by bold letters. It 
can be seen that the minimum volume and minimum cost correspond to different radii. This 
difference is caused by high fabrication costs. The optimum is found, since the decrease of 
radii causes increase of thicknesses, which increases the material and welding cost, on the 
other hand the increase of radii causes increase of material and painting cost. 
 
Table 2 Cost parts ($) of conical shells of different inclination angles (the average radius 
is 1625 mm) 
 
Angle R0 Rmax KM KF0 KW0 KW KP K 
4.380 1050 2200 24870 17961 5676 11582 8822 68911 
6.650 750 2500 25160 18246 5920 11424 8822 69572 
 
The thicknesses for the optimal conical shell of inclination angle 4.380 are from above as 
follows: 18, 19, 20 and all others 21 mm. 
 
Table 3 Cost parts ($) of circular shells for different radii. The minimum cost is marked 
by bold letters 
R0=Rmax KM KF0 KW0 KW KP K 
1450 25750 18661 7070 13640 7872 72993 
1650 25500 17960 5825 12393 8957 70635 
1750 25500 17920 5596 12385 9500 70901 
1850 25730 17809 5333 12250 10040 71162 
The thicknesses for the optimal circular shell of radius 1650 mm are as follows: 14, 15, 17, 
18, 20, 21, 23, 24, 26 and 27 mm. 
 
 
 
 
5.  Conclusions 
 
     The following fabrication aspects are considered: the change of shell thickness is designed 
in equal distances, the circumferential welds are welded successively to ease the welding 
inside of the shell, only integer numbers are used for shell thicknesses. 
 
The structural volume or components of cost vary with radii in such manner that for both 
circular or conical unstiffened shells optimum radius can be found.  
 
Three inclination angles of conical shell have been investigated and one of them was 
optimal. 
 
The comparison of conical and circular shells shows that the cost of optimal conical shell 
is lower than that of circular one, but the difference is not very large (70635-
68911)/70635x100 = 2.8%. 
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